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Abstract. The effects of changing the orientation of the rotation axis on homogeneous turbulence is consid-
ered. We perform direct numerical simulations on a periodic box of 10243 grid points, where the orientation
of the rotation axis is changed (a) at a fixed time instant (b) regularly at time intervals commensurate
with the rotation time scale. The former is characterized by a dominant inverse energy cascade whereas
in the latter, the inverse cascade is stymied due to the recurrent changes in the rotation axis resulting in
a strong forward energy transfer and large scale structures that resemble those of isotropic turbulence.
PACS. PACS-key discribing text of that key – PACS-key discribing text of that key
1 Introduction
Turbulence subjected to rotation is a commonly occur-
ring phenomenon in geophysical and astrophysical flows,
such as those in the oceans and atmospheres of planetary
bodies. The effects of rotation on decaying homogeneous
turbulence is typically studied by considering either an
isotropic or anisotropic state as the initial condition [1,2].
In direct numerical simulations, different external forcing
mechanisms have also been considered in order to vary the
degree of anisotropy and the typical correlation time [3,
4] of the flow. In most cases, it is customary to fix the
orientation of the rotation axis. The general consensus
is that when rotation is strong enough, the forward en-
ergy cascade from the large scales to the small scales is
inhibited and an inverse cascade develops resulting in a
quasi-two-dimensional behavior characterized by colum-
nar structures along the fixed rotation axis [5,6]. The dom-
inance of the inverse energy cascade entails the presence
of a large scale energy sink in order to reach stationarity
[7]. In this work, we consider the effects of instantaneous
changes to the orientation of the rotation axis on homo-
geneous turbulence.
The interest in the orientation of rotation axis is en-
gendered by the phenomenon of precession, which is the
rotational motion of the spin axis of a rotating body [8].
Even a weakly precessing container is known to sustain
turbulence at a sufficiently large Reynolds number, due to
viscous forces on the container walls [9,10]. For instance,
the turbulent convection of liquid metals in the Earth’s
outer core is influenced by its slow precession. However
details of the flow structure and the energy transfer dy-
namics in turbulence subjected to precession remain un-
clear partly due to the fact that experiments as well as
simulations are difficult to conduct [11].
As a recourse, we compare the spectral transfer prop-
erties of a system perturbed by changing the orientation
of the axis at a given time instant and consequently al-
lowed to relax, with another system which is perturbed at
regular time intervals by repeatedly changing the orien-
tation of the axis. We show that the latter has different
large scale properties and transfer dynamics as compared
with the former. The remainder of this work is organized
as follows. In Sec. 2 we briefly review the equations in-
volved, simplifying assumptions made and details about
the simulations performed. Results are given in Sec. 3,
with three subsections which focus respectively on (3.1)
the evolution of the kinetic energy and dissipation rate,
(3.2) energy spectra and flux and (3.3) large scale struc-
ture evolution. In Sec. 4 we summarize our results and
discuss briefly the possible implications of this work.
2 Numerical method
The fluctuating velocity u(x, t) for a constant density flow
in the co-ordinate system rotating with angular velocity
Ω ≡ Ω(t) is given by [12]
∂u
∂t
+ u · ∇u + 2Ω× u + d(Ω× r)
dt
=
−∇p+ f + ν∆u− γ∆−1u , (1)
where f is the forcing stirring the fluid, ν is the constant
viscosity, γ is the large scale damping constant needed to
remove energy at large scale and ∆ denotes the Laplacian
operator. The distance of the fluid particle from the ro-
tation axis which precesses around a fixed axis is |r| = r.
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In Eq. 1 the pressure p accounts for the centrifugal accel-
eration Ω × (Ω × r) in the usual manner. In Eq. 1, the
precession term d(Ω × r)/dt ∼ ΩL/τp, where τp is the
precession time scale. If τp is large enough, the preces-
sion term is negligible compared to the (time dependent)
Coriolis term since ΩL/τp  ΩL/TE where L and TE de-
note the integral scale and the large eddy timescale of the
flow. Neglecting the precession term assuming τp  TE
is a reasonable approximation in many geodynamo appli-
cations which are characterized by large precession time
periods [13,14]. Another relevant scenario is that of a sud-
den change in the orientation of the rotation axis at a
given time instant, say at t = 0, as a sort of an instan-
taneous perturbation. In this case, one might expect that
neglecting the non-homogeneous term becomes less and
less important for the late-time dynamics, i.e. for t  0.
Accordingly, we solve the following equation numerically
under the assumption that the precession term d(Ω×r)/dt
can be neglected:
∂u
∂t
+ u · ∇u + 2Ω×u = −∇p+ f + ν∆u− γ∆−1u . (2)
Equation 2 is valid for weakly precessing flows which are
characterized by a large precession time scale τp. Alter-
natively, for sub-volumes of the flow close to the rotation
axis, such that |d(Ω × r)/dt| ∼ Ωr/τp → 0 as r → 0,
the precession term can be neglected in comparison to
the Coriolis term. The aim of this paper is to under-
stand the evolution of the rotating flow under such sudden
changes to the orientation of the rotation axis. It also al-
lows us to assess the robustness and universality of the
large scale structures in strongly rotating turbulence. We
solve Eq. 2 using a Fourier pseudo-spectral method for
spatial discretization and a second order Adams-Bashforth
scheme for the time integration. The domain is a periodic
cube with edge length L0 = 2pi with N grid points to a
side. The smallest wave number in the domain is k0 = 1.
The stochastic forcing applied to a shell around the forc-
ing wave number kf/k0 = 4 is based on a second-order
Ornstein-Ulhenbeck process [15]. The hypo-viscous mech-
anism used to damp the large scales is applied to wave
numbers k ∈ [0.5, 2.5], with a large scale damping con-
stant γ = 0.1 (refer Eqs. 1 and 2). Simulations wherein
energy was depleted from different large scale ranges were
also performed to test if the large scale properties system-
atically depend on the particular choice of wave numbers
at which the energy was removed. This issue of choice of
low wave numbers from which energy is depleted is further
discussed in 3.3. Aliasing errors from the nonlinear term
are effectively controlled by removing all coefficients with
wave number magnitude greater than kmax/k0 = N/3.
3 Results and Analysis
We present results from two direct numerical simulations,
at grid resolution 10243 and constant rotation magnitude
Ω = 10. The rotation vector Ω lies in the X-Y plane and
is defined by the angle θ it makes with the X-axis (Fig. 1).
t<0t<0
∆θ ∆θ
X X
t=0t>0
t1
t2
t3
t4
t5
t6
YY
Fig. 1. Schematic of the orientation of the rotation vector
Ω in the X-Y plane for simulations (left) R1 and (right) R2,
∆θ = pi/4. In run R1 Ω is rotated only at t = 0 while in run
R2 it is rotated at ti/τΩ = 10i, i = 0, 1, 2, . . .
Table 1. Initial and final values of Rossby numbers and related
parameters in the 10243, Ω = 10 simulations. The forcing wave
number kf/k0 = 4. Large scale dissipation is applied to wave
number k ∈ [0.5, 2.5]. Notes: (1) T 0E ≡ K(0)/(0) is the turbu-
lence time scale at t = 0. (2) τη = (ν/)
1/2 is the Kolmogorov
time scale and η = (ν3/)1/4 is the Kolmogorov length scale.
t = 0 R1 R2
t/T 0E 0.0 11.75 6.95
RoT = /(2KΩ) 0.0063 0.0050 0.0218
Roω = 1/(2τηΩ) 1.4231 1.3151 1.6863
kΩη 0.2083 0.2344 0.1615
A rotating, stationary flow at 10243, Ω = 10, θ = 0 is used
as the initial condition (t = 0) for both the simulations.
Statistical stationarity for t ≤ 0 is achieved using the same
large scale friction mechanism that is used in simulations
R1 and R2. Simulation R1 is performed using θ = pi/4,
while R2 is performed by instantaneously incrementing θ
by ∆θ = pi/4 every 10τΩ , where τΩ ≡ 1/Ω is the rotation
time scale. A schematic of the orientation of Ω in the two
runs is depicted in Fig. 1. A conventional measure of the
strength of the rotation is given by comparing the rota-
tion time scale to the turbulence time scale (K/), giving
the turbulent Rossby number RoT ≡ /(2KΩ). Here K is
the kinetic energy and  is the mean dissipation and are
defined in Eqs. 3 and 4 respectively. The definitions of the
Rossby numbers including initial and final values of these
quantities are summarized in Tab. 1. The initial large eddy
time scale is defined as T 0E ≡ K/ at t = 0. The Rossby
numbers for run R2 at the end of the simulation show an
increase compared to their initial values showing that the
effect of rotation has possibly decreased. In contrast, for
run R1 the turbulent Rossby number RoT and the micro-
Rossby number Roω have decreased indicating that ef-
fects of rotation are still significant. A characteristic wave
number of rotation (kΩ) which delimits the region of the
spectrum where rotation effects are important (k < kΩ)
is given by kΩ = (Ω
3/)1/2 [16]. The non-dimensional ro-
tation wave number kΩη ∼ 1 in the simulations (Tab. 1),
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indicating that the rotation effects extend to the viscous
scales in the flow.
3.1 Energy and dissipation
The mean turbulent kinetic energy and dissipation pro-
vide important global measures of the state of the tur-
bulence under rotation. In homogeneous turbulence, the
mean turbulent kinetic energy is defined as
K =
1
2
〈 3∑
i=1
u2i
〉
, (3)
and the mean dissipation rate is given by
 = 2ν
〈 3∑
i,j=1
∂ui
∂xj
∂uj
∂xi
〉
, (4)
where, 〈·〉 denote space averages. In Fig. 2 we show the
evolution of these quantities normalized by their initial
values. Despite the considerable statistical variability, it
is clear that the kinetic energy initially decreases for sim-
ulation R1, but subsequently increases with time. On the
other hand, the energy for simulation R2 drops in the early
stages and then remains nearly constant at a value well be-
low that of R1. The steep drop in the energy at early times
is accompanied by a sharp increase in mean dissipation.
The dissipation rates then drop to nearly constant values
with that of simulation R2 stabilizing at a value larger
than that of R1. Furthermore, the time histories of en-
ergy and dissipation prior to the start of the perturbation
(t < 0 in Fig. 2) indicate that the initial changes in en-
ergy and dissipation caused by the change in orientation
of Ω are significant. The previous observations indicate
that a single perturbation in the form of an instantaneous
change to the orientation of the rotation axis results in
a slow recovery of the “universal” inverse energy trans-
fer mechanism. In contrast, if the system is subjected to
such perturbations repeatedly, the inverse energy transfer
is eventually destroyed as the dynamical reconstruction of
the large scale structures is too slow to survive. Indeed,
the dissipation of run R2 attains a quasi-stationary state
which is higher than its initial value, while its energy stabi-
lizes at a lower value. This indicates a net energy transfer
from large scales to the small scales in simulation R2.
The evolution of the Cartesian components of the tur-
bulent kinetic energy are indicative of large scale anisotropy
in the flow. Figure 3 compares the variance of the veloc-
ity components 〈u2α〉 in the two simulations. Prior to the
start of the perturbations, the velocity fluctuations per-
pendicular to the rotation axis (θ = 0 for t < 0 in Fig. 1)
are dominant due to an inverse energy cascade in the Y -Z
plane. The instantaneous rotation of Ω at t = 0 disrupts
the spectral transfer to the largest scales in the Y -Z plane.
With time, in run R1 an inverse cascade in the plane nor-
mal to the new rotation axis is established resulting in
increasing energy in the Z-direction. The variance of ve-
locity components in the X and Y directions evolve simi-
larly at a lower value than the Z component. Whereas in
run R2, the disruption of the inverse cascade at t = 0 is
sustained by the regular change in the orientation of the
rotation axis. As a result, the energy components reach a
stationary isotropic state.
3.2 Energy spectra and flux
In the rotation-modified inertial range, theoretical argu-
ments [18] suggest that for kf  k  kΩ the energy
spectrum is of the form
E(k) = CΩ(Ω)
1/2k−2 , (5)
where the constant CΩ = 1.22 − 1.87 [18]. In Fig. 4 we
show the development of the compensated energy spec-
trum E(k)(Ω)−1/2k2 at different times for both simula-
tions R1 and R2. The energy at low wave numbers (k <
kf ) initially decreases (t/T
0
E < 1) and then increases for
run R1 whereas the energy at the largest scales in run
R2 monotonically decreases with time. These results are
consistent with energy evolution trends of the two simula-
tions shown in Fig. 2. At the intermediate wave numbers
kf  k  kΩ , run R1 exhibits a k−2 behavior with an
inertial range plateau of CΩ = 1.75. In contrast, run R2
shows a greater tendency towards a transition to the clas-
sical k−5/3 scaling in the inertial range which is typical of
flows without strong rotation [19]. On the other hand, the
energy at the high wave numbers (k > kΩ) is greater in
run R2 than in run R1, indicating a stronger forward cas-
cade in the former. The results confirm that the transfer
dynamics in the case with “precession-like” perturbations
are inherently different than the case with a fixed rotation
axis.
The direction of energy transfer can be conveniently
studied by examining the contribution of the nonlinear
terms in Eq. 2 to the rate of change of energy in k-space.
Following [20] we define the spectral flux as
Π(k) =
k∫
0
Im
〈
k
′
mPij(k
′
)uˆ∗i (k
′
)
∫
k′=p+q
uˆj(p)uˆm(q)
〉
dp dk
′
.
(6)
Here Im(·) denotes imaginary part of (·), overcarets rep-
resent Fourier coefficients, (·)∗ is the complex conjugate of
(·) and the tensor Pij(k) = kikj/k2 − δij represents pro-
jections onto the plane perpendicular to k in wave number
space (δij is the Kronecker delta tensor). Figure 5 shows
the flux normalized by kinetic energyK(t) at various times
for both simulations. The positive plateau at low wave
numbers (k < kf ) accompanied by a decrease in the flux
magnitude at higher wave numbers (k > kf ) at later times
is a clear indication of large-scale energy transfer in sim-
ulation R1. Whereas, the low wave number flux is almost
zero for simulation R2 at later times, indicating that the
inverse cascade is suppressed by the repeated change in
the rotation axis orientation. Furthermore the flux mag-
nitude at higher wave numbers (k > kf ) increases with
time in run R2 indicating that the perpetual change in
the orientation of the rotation axis enhances the forward
energy cascade.
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Fig. 2. Evolution of kinetic energy (left) and dissipation (right) in normalized time, compared with respective values at t = 0.
Solid curves corresponds to run R1, curves with symbols (4) correspond to run R2. Dashed curves show histories of K(t) and
(t) prior to start (t < 0) of the perturbation. Time axis is normalized by large eddy time scale at t = 0 (T 0E) in bottom
horizontal axis and by rotation time scale (τΩ) in top horizontal axis.
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Fig. 3. (Color online) Evolution of the three components of the turbulent kinetic energy 〈u2α〉, α = 1, 2, 3 as a function of
normalized time for run (left) R1 and (right) R2. Open symbols (#), (4) and () correspond to 〈u21〉, 〈u22〉 and 〈u23〉 respectively
in the simulations. Closed symbols ( ), () and () correspond to time histories (t < 0) of 〈u21〉, 〈u22〉 and 〈u23〉 respectively
prior to the start of the perturbation. Time axis is normalized by large eddy time scale at t = 0 (T 0E) in bottom horizontal axis
and by rotation time scale (τΩ) in top horizontal axis.
3.3 Large scale structure
Independent of the realizability of the numerical experi-
ments shown here, an important consideration in turbu-
lence subjected to rotation is the robustness and univer-
sality of the large scale structures under sudden pertur-
bations of the large scale set-up [3]. Figures 6 and 7 show
the iso-contours of the velocity magnitude at three differ-
ent time instants in simulations R1 and R2 respectively.
For t ≤ 0, the inverse cascade in the plane normal to
the rotation axis manifests itself as columnar structures
along the axis of rotation [21]. Shortly after the change in
the orientation of the rotation axis at t = 0, the inverse
cascade is suppressed for both runs R1 and R2 but their
further evolution differ. In run R1 after a transient, the
energy flux becomes positive again at the large scales and
diminishes in magnitude at the small scales (Fig. 5). On
the other hand, in run R2 the inverse cascade dynamics
has insufficient time to recover and the direct cascade is
stronger. This can be illustrated by the time evolution of
the maximum (negative) amplitude of the flux which is
non-monotonous only for run R1 (Fig. 5). The large scale
structure evolution can be associated with the life-time
of the individual eddies versus the time required for the
build-up of the forward cascade. At the low Rossby num-
bers considered, the time between switching the rotation
axis is comparable with the rotation time scale. In such
a scenario, the inverse cascade does not have the time to
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Fig. 5. Spectral flux (Eq. 6) normalized by kinetic energy at different times for (left) run R1 and (right) run R2. Different
curves correspond to different instants of time (refer Fig. 4). Dashed horizontal line at 0 for reference. The maximum (negative)
amplitude of flux increases with time (curves A-G) for run R2. Positive spectral flux corresponds to an inverse energy cascade
while negative flux indicates a forward cascade (see Eq. 6).
rebuild as evidenced by the lack of large scale structures
for t > 0 in Fig. 7. Thus, the columnar structures char-
acteristic of turbulence subjected to rotation in a fixed
direction (Fig. 6) are absent when the orientation of the
rotation axis is changed fast enough (Fig. 7). The velocity
field structure in the case where the rotation axes is regu-
larly changed resembles that of an isotropic field, a visual
proof that the inverse energy cascade is not sustained.
Another question we attempt to address is the robust-
ness of the large scale structures as a function of the en-
ergy sink mechanism applied at large scales. In simulations
R1 and R2 a hypo-viscous mechanism is used to prevent
energy condensation that can occur because of upscale en-
ergy transfer owing to finite domain considerations in ro-
tating flows [7,22]. It is reasonable to expect that the large
scale statistics are influenced by the details of the friction
mechanism that is used at the low wave numbers. In or-
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Fig. 6. (Color online) Iso-contours of magnitude of velocity fluctuations (
√
K(t)) in run R1 for (left-right) t/T 0E = 0, 1, 11.5.
Fig. 7. (Color online) Iso-contours of magnitude of velocity fluctuations (
√
K(t)) in run R2 for (left-right) t/T 0E = 0, 1, 6.95.
Note that the iso-contours at t = 0 for R2 are the same as that for R1 at t = 0 (left panel in Fig. 6) as both runs start from
same initial conditions.
der to verify this, we changed the energy removed from
the largest scales. For instance, in run R1 we removed en-
ergy from different wave number shells at the large scales,
thus depleting the system differently. Figure 8 shows two
such scenarios where the energy is removed from shells
0.5 ≤ k ≤ 2.5 and 0.5 ≤ k ≤ 1.5, respectively. Removing
energy from a thinner shell results in a steeper increase in
energy initially, but ultimately the energy decreases due
to the action of large-scale viscosity [23]. Eventually the
energy for the two large scale friction mechanisms become
approximately equal and evolve similarly with time. We
have also verified that the large scale structures for these
two cases (not shown) are qualitatively the same. The in-
set of Fig. 8 reports the late time (t > 7.5) evolution of
the transverse integral length scale L22,1 defined in terms
of the two-point correlation as (with no sum over Greek
subscripts)
Lαα,β =
1
〈u2α〉
∫ ∞
0
〈
uα(x)uα(x + reβ)
〉
, (7)
along the direction of the unit vector eβ . The integral
scales for the case where energy is removed from the thicker
shell are smaller than for the case where energy is removed
from the thinner shell and are thus contaminated by the
periodic boundary conditions to a lesser extent.
4 Conclusions
In this study we have used direct numerical simulations to
study the response of rotating turbulence to “precession-
like” perturbation. A major emphasis has been to examine
the large scale structure and energy transfer characteris-
tics when the orientation of the rotation axis is repeatedly
changed.
In the case of uniform solid-body rotation with a fixed
rotation direction, the spectral transfer and hence dissipa-
tion is greatly reduced by rotation. If the orientation of the
rotation axis is changed with a time scale comparable with
the rotation time scale, the down scale energy transfer and
hence dissipation is shown to increase. After a transient
period the kinetic energy reaches a quasi-stationary state
as the energy input by forcing is balanced by the dissi-
pation at the small scales. The large scales are devoid of
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columnar structures typically seen in rotating flows and
resemble that of an isotropic state. A quantitative assess-
ment of the degree of isotropization due to the change
in the orientation of the rotation axis will require a sys-
tematic projection onto the eigenfunctions of the group of
rotation and will be reported elsewhere [24].
This work is a first step in studying the influence of
precession-like perturbation on rotating turbulence. We
have neglected the time dependent precession term d(Ω×
r)/dt under the assumption that the instantaneous per-
turbation induced by the sudden change in the rotation
axis does not affect the long-time dynamical evolution
and/or the evolution of the fluid region close enough to
the rotation axis. Using a penalization technique the non-
homogeneous precession term d(Ω × r)/dt can be taken
into account exactly [25]. Another potential source of spu-
rious effects is due to periodic boundary conditions, which
force the large-scale columns to wrap around the lattice,
something that would not be possible in presence of a
solid boundary [26]. The robustness of these approxima-
tions will be quantified in a study presented elsewhere.
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